Friedel oscillations appear in density of Fermi gases due to Pauli exclusion principle and translational symmetry breaking nearby a defect or impurity. In confined Fermi gases, this symmetry breaking occurs also near to boundaries. Here, density oscillations of a degenerate and confined Fermi gas are considered and characterized. True nature of density oscillations are represented by analytical formulas for degenerate conditions. Analytical characterization is first done for completely degenerate case, then temperature effects are also incorporated with a finer approximation. Envelope functions defining the upper and lower bounds of these oscillations are determined. It is shown that the errors of obtained expressions are negligible as long as the system is degenerate. Numbers, amplitudes, averages and spatial coordinates of oscillations are also given by analytical expressions. The results may be helpful to efficiently predict and easily calculate the oscillations in density and density-dependent properties of confined electrons at nanoscale.
Introduction
Global thermodynamic properties of classical and quantum gases confined in nanoscale domains have been widely considered in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . It was shown that, global thermodynamic properties of gases confined in nanodomains are strongly affected by the sizes of the domain due to wave nature of particles. These effects are called as quantum size effects (QSE). In order to understand physical mechanisms of size dependence of global thermodynamic properties as well as to be able to use the models based on local equilibrium assumption, it is important to examine local properties, like density distribution, of confined gases.
Local density distribution of an ideal Maxwell-Boltzmann (MB) gas confined in a rectangular domain has been shown to be not homogeneous even at thermodynamic equilibrium [9] . Density goes to zero near to domain boundaries and a quantum boundary layer (QBL) occurs where the homogeneity in density distribution is disrupted. The thickness of this layer is on the order of thermal de Broglie wavelength of particles, and QBL vanishes when Planck's constant goes to zero. It has been seen that existence of QBL is crucial to understand and even predict QSE on thermodynamic behaviors of the particles confined in nanodomains where the particle density is not uniform. QSE terms in expressions of thermodynamic properties can directly be recovered by using QBL concept without even solving Schrödinger equation [9, 11, 12] .
QSE become significant at nanoscale and bring in some unique features for nanomaterials. Semiconductor or metal nanostructures are some of the most common and convenient materials to examine QSE. Although electrons confined in non-degenerate semiconductors can be modeled by MB statistics, it is necessary to consider Fermi-Dirac (FD) statistics when dealing with confined and degenerate electron gas (e.g. degenerate semiconductors or metals).
Unlike unbounded Fermi gases, density oscillations appear in bounded Fermi gases because of translational symmetry breaking near to boundaries in confined systems. In this study, oscillations in local density distribution of a confined and degenerate Fermi gas are examined. These density oscillations actually correspond to Friedel oscillations in metals or semiconductors due to defects or impurities. By invoking some mathematical tools such as Poisson summation formula, we first obtain an analytical expression representing the true nature of oscillations for completely degenerate case (e.g. T = 0K) which is called 0 th order approximation. Upper and lower envelope functions giving the ultimate bounds of the oscillations as well as amplitudes and averages of oscillations are derived. Furthermore, by making a more precise approximation, which is called 1 st order approximation, we consider the effect of temperature and derive analytical expressions also for finite temperatures. We compare exact and analytical expressions based on two different approximations and show that the errors of analytical expressions are quite low, as long as degeneracy is sufficiently high where the oscillations are considerable. Averages, amplitudes, spatial coordinates and the numbers of these oscillations are also analytically given.
Density distribution of confined and degenerate Fermi gases
For an ideal Fermi gas in thermodynamic equilibrium, the number of particles in a differential local volume dV centered at r−location for a quantum state s is written
where N is total number of particles, ψ s is the eigenfunction of the quantum state s and f s = 1/ [exp(−Λ +ε s ) + 1] is FD distribution function. Here, Λ = µ/k B T is degeneracy parameter,ε s = ε s /k B T is dimensionless energy eigenvalue of quantum state s, µ is chemical potential, k B is Boltzmann constant and T is temperature. We don't take spin degree of freedom into account, since it cancels in density expression in the absence of an external magnetic field. Note that (f s / s f s ) denotes the probability of finding a particle in quantum state s (thermodynamic probability) and (|ψ s (r)| 2 dV ) gives the possibility of a particle to be in a volume dV centered at r−position (quantum probability). By summing up dN s over all quantum states, local particle density reads
which is actually the ensemble average of quantum probability density times the number of particles.
Density oscillations of a 1D Fermi gas
Now let's consider a Fermi gas confined in a 1-dimensional confinement domain. The solution of Schrödinger equation for this kind of domain with Dirichlet boundary conditions gives dimensionless energy eigenvalues asε = (αi) 2 where i is the quantum state variable running from 1 to ∞ and α = h/ √ 8mk B T L is confinement parameter, which denotes the strength of confinement in the domain with length L and particles having mass m. Corresponding eigenfunctions are simply given as ψ(x) = 2/L sin(πxi/L), where x denotes the position in 1D domain.
In dimensionless form, local density distribution of a Fermi gas confined in a 1D domain is represented asñ
where n cl = N/L is classical density andx = x/L is dimensionless position. By using Eq. (2), we can examine the exact density distribution of an ideal Fermi gas confined in a 1D rectangular domain.
Dimensionless density distributions of a confined and degenerate 1D Fermi gas are shown in Fig. 1 for four different confinement and degeneracy conditions. It is seen that increment in degeneracy leads to denser oscillations (higher wavenumber) but weakens their amplitudes. Increasing confinement, on the other hand, decrease the wavenumbers of oscillations but strengthens the oscillation amplitudes. In this sense, degeneracy and confinement have opposite effects on density oscillations.
As is seen from Fig. 1 , density goes to zero near to the boundaries which shows the existence of QBL in Fermi gases. Decreasing degeneracy or increasing confinement enlarges the thickness of QBL, which means particles are affected more by the presence of boundaries in those cases. On the contrary, weak confinement and high degeneracy leads to sharper peaks that are nearest to boundaries. Although oscillations practically diminish to the middle of the domain for weak confinements, oscillations in fact become persistent even at the middle regions of the domain when confinement is relatively high.
These oscillations occurred in degenerate Fermi gases are called Friedel oscillations. In general, Friedel oscillations arise due to translational symmetry breaking nearby a defect or impurity in the system and they have an exponential decay characteristic away from symmetry breaking point [20] [21] [22] [23] [24] . Coulomb interactions between Fermions in the system also cause Friedel oscillations [25] [26] [27] [28] . Here the same oscillations occur due to symmetry breaking caused by domain boundaries. 
Charaterization of density oscillations by 0 th order approximation
For exact density distribution given by Eq. (2), it is not possible to obtain analytical expression without making any approximation. To obtain analytical characterization of density oscillations, we need to make approximations on FD distribution function. 0 th and 1 st order approximations to FD distribution function can be done by representing the distribution function as Heaviside step function (Θ) and piecewise ramp function respectively as follows:
where Λ F corresponds to Fermi energy, i min (−) and i max (+) equal to √ Λ/α ∓ 1/(α √ Λ) respectively. Comparison of two approximations can be seen in Fig. 2 .
We first approach to the problem for completely degenerate case, Λ → ∞ (T → 0 or n → ∞), which corresponds to the 0 th approximation to FD distribution function. Under this condition (Λ → Λ F ), the nominator of Eq. (2) can then be approximated using Eq. (3a) as
and the denominator can be calculated by considering the first two terms of Poisson summation formula as
Considering Eqs. (4) and (5) and defining α F = α/ √ Λ F for brevity, fully analytical expression for Eq. (2) in completely degenerate case is obtained as
It can easily be seen from Eq. (6) that α F is actually equal to the oscillation wavelength in position space. As long as α F << 1 (which is the condition for highly oscillatory regime), percentage errors of the analytical expression are quite low. Even for α F = 0.1 value, the error is under 3% and for α F = 0.01 it drops to 0.15%.
From Eq. (6), it is also possible to find the envelope function of the oscillations. Oscillations are direct result of the sin terms in Eq. (6) . Therefore, by taking the minimum and maximum values of the sin function (∓1) upper (+) and lower (−) envelope functions are analytically obtained as
The first and second terms with brackets represent the left and right parts of the envelopes respectively. The term with square brackets represents the contribution of the counterpart when left or right part at its maximum.
Generating the envelope function for the oscillations is important as the difference of upper and lower envelopes give the ultimate bounds of the oscillation amplitude in a confined system. Thus, for completely degenerate case, bound of the oscillation amplitude depending on the position is analytically expressed as
From the first peak to the last one, envelope functions characterize the oscillations. Before the first peak or after the last peak, envelope functions have no use. Therefore, integral average of oscillations can be found by considering the envelope functions as follows
where osc subscript indicates that the integral average is taken over the oscillation range. ñ osc is actually equal to the average of envelope functions atx = 0.5 (the middle point of the domain) for completely degenerate case.
For a given set of Λ and α, it is also possible to define the numbers of maxima and minima (numbers of peaks and dips) of oscillations which are,
where · · · bracket denotes the floor function. Sum of N peak and N dip give number of extremum points of oscillations. Then, positions of maxima and minima of oscillations can also be found asx
where j max = N peak /2 for maxima (+) and j max = N dip /2 for minima (−). Although Eq. (11) is valid only for left part (0 ≤x ≤ 0.5), the right part can easily be found by 1 −x ± j , which is valid between the interval 0.5 ≤x ≤ 1. Density values corresponding to extrema of oscillations can easily be found by replacingx in Eq. (6) with Eq. (11). Relative percentage error of Eq. (11) with respect to Eq. (6) is under 5% for the first peak and decrease sharply below 1% right after.
Charaterization of density oscillations by 1 st order approximation
Even though 0 th order analysis gives some analytical expressions with reasonable errors, these results are obtained just for zero temperature. In other words, α F does not depend on temperature and the results of 0 th order approximation does not represent temperature dependence. In order to incorporate temperature into results and to get higher precision, we can approximate FD in a finer way using the piecewise ramp function defined in Eq. (3b).
Using the similar methodology that is followed in the derivation of 0 th order expressions, we can use Eq. (3b) this time to calculate the density distribution. After mathematical operations the expression is simplified as
Considering the minimum and maximum values of trigonometric products in Eq. (12), envelope functions for the 1 st order approximation are found as
From the difference of upper and lower envelopes given by Eq. (13), oscillation amplitude in the 1 st order approximation are found as
Oscillation average is given as
Analytical density distribution, envelope functions, amplitude and average of oscillations give better results than their 0 th order counterparts respectively as expected. Note that number of oscillations stays the same in the 1 st order approximation also, so Eq. (10) does not change. On the other hand, it is not possible to give the positions of oscillation peaks and dips analytically in the 1 st order approximation. They can be numerically obtained from the solution ofx from cot(2πx/α
Comparison of exact and analytical expressions as well as the accuracy of envelope functions are shown in Fig. 3 for various degeneracy and confinement values. Black, dashed-blue and dashed-red curves represent the results of exact (Eq. 2), 0 th order analytical (Eq. 6) and 1 st order analytical (Eq. 12) expressions respectively. Envelope functions are given by dashed-gray curves. For each figure, the upper subfigures are the results of 0 th order approximation, while the lower ones are the 1 st order ones. It is seen that analytical expressions accurately represents the true nature of density oscillations. Accuracies of envelope functions given by Eq. (7) directly be seen in Fig. 4 , where relative differences of both approaches are plotted for four different degeneracy-confinement values used in Fig. 3. 1 st order approximation always has lower errors than the 0 th one and it gives particularly good results when confinement and/or degeneracy is weak. For strongly degenerate cases, both approximations start to approach each other. Since 1 st order approximation accurately takes the slope of FD distribution around Fermi level, temperature appears in equations, particularly by the α √ Λ term.
Conclusion
In this study, we considered a degenerate Fermi gas confined in a 1D domain and examined the characteristics of density oscillations by making 0 th order and 1 st order approximations to FD distribution function. By using mathematical tools like Poisson summation formula, we obtained accurate analytical expressions for both the density profile and its characteristic parameters such as oscillation numbers, amplitudes, averages and their spatial coordinates. Although 0 th order approximation does not take the effects of temperature into account, with the 1 st order approximation, temperature is also incorporated into the results.
It should be noted that although the characterization of density oscillations is done by considering 1D Fermi gas, it is trivial to consider 2D and 3D cases. Due to the orthogonality of eigenstates, the analytical expressions obtained in this article can be directly extended into higher dimensions in a rectangular confinement domain, which is actually a common geometry in semiconductor structures. On the other hand, the methods that are used in this article take advantage from the characteristic nature of Fermi-Dirac distribution function, so it can only be used to characterize the degenerate and confined Fermi gases.
With the help of the expressions given here, it may be possible to efficiently and easily predict and calculate the density oscillations as well as the oscillations in density-dependent properties of confined Fermions.
